, separated by 60 nm wide GaAs barriers. For an average occupation by a single electron per dot, the structures were nmodulation doped 20 nm below each layer with a Si-dopant density roughly equal to the dot density.
The QD doping-level has been reassured by demonstrating an effect, that occurs only for singly charged dot structures (S1). For non-resonant optical excitation with circularly polarized light at an energy close to the QD wetting layer emission, the luminescence from the QD ground state is also circularly polarized, but with a helicity opposite to the excitation. The origin of this effect called negative circular polarization is connected with optical pumping of the spins of electrons localized in the QDs (S2). For undoped QDs and for QDs containing, for example, two electrons, this effect does not occur (see for example (S3 -S5) ).
We also note that the T 2 measured at very low magnetic field exceeds 6 nanoseconds (S6).
Therefore the observed quantum beats can be safely attributed due to residual QD electrons from the n-doping.
Spectroscopy: Most of the experiments reported here were performed with the sample immersed in liquid helium at a temperature T = 2 K. The magnetic field B ≤ 10 T was applied perpendicular to the structure growth axis for which we choose the z -axis (Fig.   1A ). For optical excitation, a Ti-sapphire laser emitting pulses with a duration of 1.5 ps (full width at half maximum of 0.9 meV) was used, hitting the sample along the z -axis.
The laser repetition rate was 75.6 MHz, corresponding to a period T R = 13.2 ns between the pulses. The laser pulse separation could be increased to multiples of T R by a pulse picker system. The laser emission energy was tuned to the resonance with the ground state transition in the charged QDs being settled in the center of PL line (see Fig. 1B ). For detecting the rotation angle of the linearly polarized probe beam, a homodyne technique based on phase-sensitive balanced detection was used.
An infinite train of circularly polarized light pulses propagating along the z -direction in a transverse magnetic field parallel to the x axis, leads to a periodic time-dependent electron spin polarization, S z,y (t + T R ) = S z,y (t) , in a single QD. If the pulse duration ∆t is much shorter than the trion radiative decay time, the electron and hole spin relaxation times and the electron and hole precession times, the creation of spin polarization can be separated in two well defined processes (S6) . The first one is the electron excitation into a coherent superposition state of electron and trion. The second one describes the radiative decay of the trion component in this superposition into the electron precessing in the transverse magnetic field. The trion decay does not affect the electron spin polarization if the relation ω −1 e τ r holds for the electron spin precession time because the corresponding contributions are completely dephased (S6 -S8). As a result the electron spin polarization in high magnetic fields, ω e τ r 1 , is controlled by the electron spin generation during the pump pulse and its later precession with a slow decay. This leads to the following time dependence of electron spin polarization after the initialization pulse:
where S 0 z,y (t n ) are the electron spin polarizations created in the QD by the n -th pulse. It was shown in (S6) that a pulse of σ + circular polarization creates:
where Θ is the pulse area and S − z,y = S z,y (t → t n ) are the z -and y -projections of the electron spin polarization shortly before the pulse arrival. Equations B1 and B2 allow us to connect the spin polarizations before the n -th and the (n+1) -th pulses. These relationships can be written as:
where W = sin 2 (Θ/2) and ν = sign[cos(Θ/2)] . The steady state value of these amplitudes, S z,y (ω e ) , is found by the transition n → ∞ :
where
∆(ω e ) almost vanishes at the frequencies satisfying the PSC of Eq. 1. As a result the distribution of spin polarization synchronized by the train of pulses, S z (ω e ) , consists of sharp peaks at frequencies ω e = N Ω . Near the peaks, at small T R /T 2 and Θ , the spectrum is given by
In the case of π -pulse excitation ( W = 1 ) the distribution of spin polarization takes the form:
One can see that in this case S z (ω e ) has maxima, each with a width equal to the separation between them.
It is convenient to introduce the time dependent electron spin polarization vector in a single quantum dot as S ωe (t) = S z (t) + iS y (t) . Substituting Eq. B4 into Eq. B1, we obtain the time dependence of S ω e (t) in the time interval t n ≤ t < t n+1 :
The electron spin polarization for an ensemble of QDs is obtained by averaging over the density of electron spin precession frequencies ρ(ω e ) . In this case the average electron spin polarizations are S z (t) = Re[ S (t)] and S y (t) = Im[ S (t)] , where S (t) = dω e ρ(ω e ) S ω e (t) .
The integral can be written as
and can be expressed by the FR amplitude A ν W (t) and the sum of poles in the complex plane:
The sum over the QD subsets for which the electron spin precession is phase synchronized in Eq. B10 leads to the constructive interference in the FR signal at negative delay. It is remarkable that this interference does not depend on the excitation intensity. The simplified expression for the average electron spin polarization in Eq. 2, which is equal to Re[M(t)] , can be obtained using S z (ω e ) = −0.5Ω N δ(ω e − ΩN ) . The FR amplitude A ν W (t) is given by:
with an additional dephasing rate which is connected to the broadening of the phase synchronized spectrum by
Equation B11 shows that the excitation intensity controls the time dependence of the FR amplitude.
The dependence of the FR amplitude at negative delay time on the laser pulse repetition period T R , does not generally allow for a direct measurement of the single QD coherence
time. An increase of T R modifies also the steady state value of the electron spin polarization at the moment of the pulse arrival, as one can see from Eq. B4. In particular, at small W it will strongly reduce the FR amplitude. The FR amplitude dependence on the pump density measured for T R = 264 ns shows a non-monotonic behavior (inset of Fig. 1E in manuscript), which is connected to the complex dependence of the FR amplitude on the pulse area. Additional decoherence mechanisms decrease the FR amplitude in experiment at high pump densities beyond a 2π -pulse as one can see in the inset of Fig. 1E . It is worthwhile to note here that in the case of π -pulse excitation, the FR amplitude can be approximated by:
for T R < T 2 , and it is described by a simple
The discussed mode locking mechanism in an ensemble of QDs with inhomogeneously broadened precession frequencies raises the question what properties should have a QD ensemble for its use in quantum coherent devices. In general QD ensembles whose spin states are only homogeneously broadened would be optimal for quantum information processing.
Moreover, precise tailoring of properties such as the electron g-factor should be possible.
However, fabrication of such ensembles cannot be foreseen based on current state-of-theart techniques, which always lead to sizeable inhomogeneities. Under these circumstances, a sizable distribution of the electron g-factor is good for mode locking, as the PSC is fulfilled by many QD subsets, leading to strong spectroscopic response. Further, it gives some flexibility when changing, for example, the laser protocol (e.g. wavelength, pulse duration or repetition rate) by which the QDs are addressed, and therefore changing the PSC, as the ensemble can offer other QD subsets for which the single dot coherency can be recovered. However, a very broad distribution of electron g-factors would lead to a very fast dephasing in the ensemble, making it difficult to observe the FR both after and before pulse arrival. In this case the phase synchronization can be exploited only during a very short period of time.
Concerning scalability: For coupling two ensemble qu-bits in a quantum gate, one could imagine growing two layers of QDs on top of each other. Self-assembly leads to stacking of the dot layers due to strain. The dots in each layer could be loaded by a single electron per dot, and the coupling between dots could be controlled by an electric field along the growth axis. In case of on-resonance there would be a strong exchange interaction between the QD electron spins so that spin singlet or triplet states are formed, leading to entanglement with a coupling strength variable by the electric field. In the off-resonance case the spins would be decoupled and could be addressed individually by laser pulses operated at two different colors for initialization or read-out.
